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The coupled activated dynamics in dense mixtures of repulsive and sticky hard spheres is studied using
stochastic nonlinear Langevin equation theory. The effective free energy surface, barriers, saddle point trajec-
tories, and mean first passage times depend in a rich manner on mixture composition, �high� total volume
fraction, and attractive interaction strength. In general, there are three types of saddle point trajectories or
relaxation pathways: a pure sticky or pure repulsive particle displacement keeping the other species localized,
and a cooperative motion involving repulsive and attractive particle displacements. The barrier for activated
hopping usually increases with the ratio of sticky to repulsive particle displacement. However, at intermediate
values of the displacement ratio it can attain a broad plateau value, and can even exhibit a local maximum, and
hence nonmonotonic behavior, at high sticky particle mixture compositions if the attraction strength is modest.
The mean first passage, or hopping, times are computed using multidimensional Kramers theory. In most cases
the hopping time trends reflect the behavior of the barrier height, especially as the sticky particle attraction
strengths become large. However, there are dramatic exceptions associated with cooperative repulsive and
attractive particle trajectories where the barriers are high but a greatly enhanced number of such trajectories
exist near the saddle point.
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I. INTRODUCTION

The structure, equilibrium phase behavior, and nonequi-
librium states �glass, gel� of colloidal and nanoparticle sus-
pensions are of basic science and practical engineering inter-
est �1–3�. For �effective� one-component fluids of attractive
spheres major theoretical progress for predicting the emer-
gence of kinetically driven gels and glasses has been
achieved based on the ideal mode coupling theory �MCT�
�4–7�, a simplified version known as “naive MCT” �NMCT�
�8–10�, and a microscopic nonlinear stochastic Langevin
equation �NLE� theory that goes beyond MCT to treat acti-
vated barrier hopping and non-Gaussian dynamic heteroge-
neity phenomena �9,11–14�. Very recently, we have general-
ized the NMCT and NLE approaches to mixtures of
spherical particles �15�. A basic issue is colocalization of
both species versus a partial transition where only one spe-
cies localizes and the other diffuses as in a fluid �15–22�.

Our present interest is “biphasic mixtures” �23� composed
of equal diameter spheres where one species interacts solely
via hard core repulsions, and the other experiences strong
short range attractions. In their nanoparticle realization, the
biphasic mixtures are composed of barium titanate particles
which are coated with different polymers such that under the
appropriate solvent conditions purely repulsive or �very short
range� attractive interactions are achieved. The model colloi-
dal biphasic mixtures are based on silica where the solvent
dielectric properties, a hydrophobic organic coating, and sur-
face charge are manipulated to realize �nearly� hard sphere
and attractive interactions. Recent experimental studies of

nanoparticle and colloid suspensions of such mixtures have
discovered novel elasticity and nonlinear yielding behavior
that allows major improvements in using concentrated par-
ticle suspensions in direct-write assembly applications �23�.
Time-resolved confocal microscopy suggests highly asym-
metric dynamics as the sticky particles are effectively solid-
like on the experimental time scale and only the repulsive
particles are mobile. Additional fundamental questions of in-
terest include how vitrification and gelation interfere, what is
the effect of repulsive particle excluded volume on gel elas-
ticity and slow dynamics, and how does the formation of an
ideal gel modify the repulsive particles tendency to localize
and flow?

Our initial work �15� developed the basic theoretical ap-
proach, established the connection of NMCT to the full ideal
MCT version �16–22�, and presented a few preliminary nu-
merical results. A mixture composition sensitive “glass-
melting” type of kinetic arrest phenomenon is predicted at
high total packing fractions and weak attractions. Complex
behavior of the localization lengths and shear moduli occur
as a consequence of the competition between excluded vol-
ume caging forces and attraction-induced physical bond for-
mation. Beyond the NMCT ideal nonergodicity transition, a
two-dimensional nonequilibrium free energy surface emerges
that quantifies cooperative activated barrier hopping. This
dynamical “landscape” has a rich structure with barrier loca-
tions and heights that are sensitive to the relative amplitude
of the cooperative displacements of the sticky and repulsive
particles.

In this paper, we present the first detailed numerical study
of activated transport in highly concentrated biphasic mix-
tures. Section II briefly reviews the theory and summarizes
multidimensional Kramers theory. The effective free energy
surface is systematically studied in Sec. III as a function of
the sticky particle attraction strength, total volume fraction,
and mixture composition. Section IV computes mean first
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passage times for various saddle point trajectories and pro-
vides a mechanistic picture for structural relaxation in glass
and gel-like mixtures. The paper concludes in Sec. V. Tables
of pertinent numerical results are collected in the Appendix.

II. THEORY AND MODEL

Naive mode coupling theory and the nonlinear Langevin
equation approach are briefly reviewed for binary mixtures.
Their physical motivation and further technical details have
been previously discussed in depth �15�.

A. Naive mode coupling theory

The key quantity of NMCT is the long-time limit of the
force-force time correlation function exerted on a particle of
species � by its surroundings, which in a Fourier space rep-
resentation is given by �15�

�f��0� · f��t�� =
1

3�2 � dq

�2��3q2e−q2rL,�
2 /6

� �
j,k=1

2

C�j�q�Sjk�q,t�Ck��q�, � = 1,2.

�1�

The long-time limit of the mean square displacement or lo-
calization length rL,� is the ensemble-averaged dynamic or-
der parameter, and a Gaussian Debye-Waller factor is em-
ployed. The effective intermolecular forces enter via the
direct correlation function between species i and j, Cij�q�,
and Sij�q , t→�� is the long-time limit of the partial dynamic
structure factors which depend on the localization lengths
�15�. The dynamic order parameters are related via two
coupled self-consistency equations

1
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The elastic shear modulus for a multicomponent system fol-
lows as �24�
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B. Nonlinear Langevin equation theory

For an �effective� one-component system, from heuristic
physical arguments �9�, and subsequently a statistical me-
chanical derivation based on local equilibrium and dynamic
density functional concepts at the lightly coarse-grained dy-
namical variable level �11�, NMCT has been generalized to
account for single particle activated barrier hopping. For a
binary mixture, the two coupled NLEs for the instantaneous
scalar displacement of each species from their initial position
r��t� are �15�

− �s,�
d

dt
r� −

�

�r�

Feff�r1,r2� + �f� = 0, � = 1,2,

��f��0��f��t�� = 2kBT�s,������t� , �4�

where �s,�=kBT /Ds,� is the short-time friction constant for
species �, Ds,� is the corresponding short-time diffusion con-
stant, �f��t� is the white noise random force, and Feff�r1 ,r2�
is an effective or nonequilibrium “free energy” surface given
by �15�

Feff�r1,r2� − Feff�rL,1,rL,2� = �
rL,1

r1 �Feff�r1,r2�
�r1

dr1

+ �
rL,2

r2 �Feff�r1,r2�
�r2

dr2, �5�

�

�r�

Feff�r1,r2� = ��f��0� · f��t → ���r1,r2
r� − 3kBT/r�,

� = 1,2, �6�

where �¯�r1,r2
refers to the t→� limit of Eq. �1� with the

ensemble-averaged quantity rL,� replaced by the dynamical
variable r�. In general, stochastic trajectories of the different
species are coupled corresponding to correlated motion.
However, for many cases of practical interest a high dynami-
cal asymmetry is relevant and the theory simplifies �15�. The
NLE theory crosses over to an effective Fickian diffusion
description at long enough times and displacements �12�, the
detailed formulation of which is not important for the present
work.

If the noise in Eq. �4� is dropped and the dynamical vari-
ables are replaced by their ensemble-averaged localization
lengths, then ideal NMCT is recovered �9,11�. In the context
of the NLE approach, the ideal kinetic arrest transition rep-
resents a crossover to activated barrier hopping controlled
dynamics where ergodicity is always attained in the long-
time limit.

C. Biphasic mixture model and structural correlations

A biphasic mixture consists of repulsive and attractive
spheres of identical diameter �D� that interact via hard core
repulsions. We refer to repulsive particles with the letter “g”
for “glassy” and the attractive particles with “s” for “sticky.”
The g-g and g-s interactions are purely hard core. The sticky
particles also interact via an exponentially decaying attrac-
tion

	ss�r� = − 
ss exp	D − r

a

, r � D , �7�

where 
ss is the contact strength. In this paper the spatial
range parameter is fixed at a=0.02D, which corresponds to
�1 nm for the D=60 nm nanocolloids recently studied ex-
perimentally �23�. Our focus is on dense mixtures, and the
total volume or packing fraction is chosen to be �T=0.45 or
0.5. The sticky particle composition �s varies from zero to
unity. The structural pair correlations are computed from the
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mixture Ornstein-Zernike equation with the Percus-Yevick
closure �25�

hij�r� = Cij�r� + �
k=1

2 � drCik�r − r��khkj�r�� , �8�

Cij�r� = �e�	ij�r� − 1�gij�r�, r � D ,

gij�r� = 0, r � D , �9�

where gij�r�=1+hij�r� is the radial distribution function be-
tween species i and j. The integral equations are solved nu-
merically using the Picard algorithm �25�.

D. Limiting case

For biphasic mixtures the attractive particle motion is of-
ten far slower than its repulsive particle counterpart. This
motivates consideration of a simpler “two-step” description
�15� involving a pair of one-dimensional effective free en-
ergy functions. At long enough times, the fast species escape
their dynamical constraints and become liquidlike from the
perspective of the slow particles. The dynamics of the latter
is then treated as a psuedo-one-component system where the
fast species enters implicitly via an effective direct correla-
tion function �10,26� determined by the full two-component
structural correlations. Equation �2� then reduces to a single
NMCT equation given by �10,15�

rL,s
−2 =

1

9
� dq

�2��3q2Css,eff
2 �q�Sss�q�e−�q2rL,s

2 /6��1+s/Sss�q��,

�10�

where �27�

Sss�q�/s

=
1 − gCgg�q�

1 − gCgg�q� − sCss�q� + gs�Cgg�q�Css�q� − Csg
2 �q��

�11�

and Css,eff�q� is the “effective” direct correlation function for
the slower sticky species

Css,eff�q� =
1

s
−

1

Sss�q�
. �12�

The corresponding scalar NLE and effective free energy
have the form of a one-component system extensively con-
sidered previously �9,11,14� which is expressed in terms
Css,eff�q� and Sss�q�. The mean first passage, or barrier “hop-
ping,” time in the high friction, diffusive limit of interest is
given by �9,28�

�

�0
=

2�G
�K0KB

eFB, �13�

where FB is the barrier height in units of the thermal energy,
the absolute magnitudes of the well and barrier curvatures
are K0 and KB �units of kBT /D2�, respectively, and G
�s /�0 is the ratio of the short-time friction constant to its

dilute limit analog which is the Stokes-Einstein result for a
colloidal suspension �1�. For hard spheres, G is well de-
scribed by the contact value of the radial distribution func-
tion g�r=D�, which quantifies binary collisions �25,29�. The
mean first passage time has been nondimensionalized by the
elementary Brownian diffusion time �0=��2�0.

E. Multidimensional Kramers theory

Langer �30� generalized Kramers theory to many degrees
of freedom based on the idea that the system follows a saddle
point trajectory corresponding to a path of least resistance on
the effective free energy surface. For biphasic mixtures, mul-
tiple trajectories may be relevant in the sense that the char-
acteristic first passage times are comparable. These represent
mechanistically different motions for escaping dynamical
constraints, influenced by both the barrier and an entropic
factor associated with the “width” of the saddle point region.
Curvatures of the free energy surface at both the localized
state minimum and at the saddle point enter the “reaction
rate” calculation.

The mean first passage time is given by �28,30,31�

�

�0
=

2�

�+ 	 �det KB�
det K0


1/2

exp�FB� , �14�

where KB is the matrix of second derivatives at the saddle
point, K0 is the matrix of second derivatives at the NMCT
localization length, and �+ is the sole positive eigenvalue to
the characteristic equation det�I+D ·KB� where D is the ma-
trix of short-time diffusion coefficients and I is the identity
matrix. D is related to the short-time friction constants Ds,i
=1 /�s,i=1 /Gi�0. We determine Ds,i based on an Enskog hard
sphere mixture model �14,25,29�, where the collision rates
are modified by the intermolecular attractions and structure
via the contact values of radial distribution functions. Spe-
cifically, a diagonal short time diffusion constant matrix is
employed with Gs=�sgss�r=D�+�gggs�r=D� for attractive
particle displacements and Gg=�gggg�r=D�+�sggs�r=D� for
repulsive particle displacements. In the numerical applica-
tions presented below, the contact values and ggs�D� are
roughly the same while gss�D� may be up to an order of
magnitude higher due to attractive particle clustering.

III. EFFECTIVE FREE ENERGY SURFACES

The effective or dynamical free energy surface depends
on the strength of sticky particle attraction 
ss and mixture
composition at a high total packing fraction of 0.45 or 0.5.
Except for the NMCT ideal kinetic arrest diagram of Fig. 1,

ss varies over the range of 2.75kBT–4kBT. Throughout the
rest of the paper, and in all figures and tables, energy is
expressed in units of kBT and length in units of the particle
diameter D.

A. Ideal kinetic arrest phase diagram

Figure 1 shows the ideal nonergodicity boundaries for
�s=0.25, 0.50, 0.75, and 1.0. The 
ss→0 or �s→0 limit
corresponds to a hard sphere fluid where �9� the ideal NMCT
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glass transition occurs at �T=0.432 with a localization length
of �0.18D. As sticky particles are added at low attraction
strengths, the nonergodicity boundary shifts to larger total
packing fractions in a manner that becomes more dramatic
with increasing �s. This reentrant behavior is reminiscent of
the “glass melting” phenomenon predicted by one-
component MCT, and experimentally observed, for attractive
colloids �3,4,7�.

For an attraction strength of �2.5kBT and larger, the non-
ergodicity lines for the various compositions cross and un-
dergo a reversal of direction, resulting in a “noselike” fea-
ture. A monotonic reduction of the total packing fraction at
the NMCT transition with increasing strength of attraction
occurs, and the kinetic arrest boundary varies linearly with

ss and is rather weakly dependent on composition. The large
symbols on each curve indicate a critical value of total pack-
ing fraction below which the repulsive species undergoes a
discontinuous transition from a localized state to a delocal-
ized fluid �15�.

It is interesting to ask whether at high total volume frac-
tions, but below the nonmonotonic glass melting region,
there are any similarities of the biphasic mixture results in
Fig. 1 with a recent ideal MCT study of hard-sphere fluids
confined in a quenched disordered porous matrix of identical
hard spheres �32�. The model porous medium consists of
pinned hard spheres at a volume fraction �m, and a mobile
fluid of volume fraction � f; the total particle volume fraction
is �T=�m+� f. For this system ideal MCT predicts a non-
monotonic or reentrant form for the kinetic arrest diagram in
a �m versus � f representation, but for �m�0.175 there is a
single value of � f for each �m. Over the rather wide range of
0.05��m�0.175, � f at the ideal nonergodicity transition is
given by 0.43�� f �0.22, respectively. However, in the for-
mat of Fig. 1, the total volume fraction in Ref. �32� �mobile
plus quenched hard spheres� along the ideal glass transition
boundary is nearly constant, �T�0.44�0.04, despite the

fact that the fraction �composition� of frozen matrix particles,
��m /�T, varies over a wide range from �10% to 45%.
These results appear to be qualitatively similar to the bipha-
sic mixture kinetic arrest transition boundaries in Fig. 1 in
the sense that for �T�0.41–0.43 the ideal nonergodicity
boundary is nearly composition ��s� independent. Hence, the
sticky particles in biphasic mixtures can possibly be viewed
as providing an effectively porous medium, which can in-
duce repulsive particle localization.

Although our present focus is high total particle volume
fraction mixtures, one can ask what is the meaning of the
ideal MCT gel boundaries in Fig. 1 at relatively low �T. This
is a complicated question since at low total volume fractions
the kinetic gelation process may be coupled with cluster ag-
gregation and/or macroscopic phase separation �2,3�. Prior
applications of naive MCT for ideal gel boundaries and elas-
tic shear moduli for depletion systems agree well with ex-
periments �10�. However, the ideal gel line represents a dy-
namical crossover to an ultraslow activated motion regime
�14�, and in the lower volume fraction regime the associated
physics in the NLE theory has not been extensively explored.

B. Effective free-energy surfaces

The dynamical free-energy surface is a function of repul-
sive and sticky particle displacements, rg and rs, respectively.
Figure 2 shows the surface for �T=0.45, �s=0.5, and 
ss
=3. Its shape is strongly dependent on the relative particle
displacements, i.e., the “direction” of a trajectory on the two-
dimensional landscape. Now consider the initial state is at
the minimum of the effective free energy corresponding to
the NMCT localized state �circle in Fig. 2�. Solution of the
NLEs will result in cooperative motion of the two species
that can be characterized by the ratio of displacements from
the localized state, �rs /�rg. This ratio varies from zero for a

FIG. 1. �Color online� Naive MCT ideal kinetic arrest diagram
in the format of attraction strength �units of kBT� versus total pack-
ing fraction for biphasic mixtures with attractive particle composi-
tions of 25%, 50%, 75%, and 100%, represented by diamonds,
squares, upside-down triangles, and circles, respectively. Solid
curves are guides to the eye. The large data points indicate a cross-
over from double localization �to the right� to only attractive par-
ticle localization �to the left�.

FIG. 2. �Color online� Effective free energy surface as a func-
tion of repulsive and attractive particle displacements �units of par-
ticle diameter D� for total volume fraction of 0.45, composition of
50%, and attraction strength of 3kBT. The circle denotes the �tran-
sient� localized state, and the arrow indicates the �rs /�rg=1 coop-
erative trajectory.
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pure repulsive particle displacement to infinity for a pure
attractive particle displacement. The barrier curvature and
height are strongly dependent on displacement ratio.

For a pure attractive particle displacement, FB�10 for the
system in Fig. 2 corresponding to slow activated transport.
When rg changes by the same amount as rs ��rs /�rg=1 as
indicated by the arrow in Fig. 2�, the barrier is only slightly
lowered to 9.2. The reason is that significant displacement of
attractive particles requires “physical bond” breakage. The
barrier does decrease sharply as sticky particle displacements
become very small compared to their repulsive counterparts
as indicated by the wall of curves near and along the rg axis.
For example, FB�8 when �rs /�rg�0.07, and �5 for
�rs /�rg�0.016. For these latter cases, the dominant dis-
placement corresponds to repulsive particle motion; how-
ever, small displacements of the attractive species still have a
major effect. Since FB�1kBT for a pure repulsive particle
displacement, it would appear to be the primary path ex-
plored during the initial stage of activated dynamics. How-
ever, we demonstrate in Sec. IV that this is not the only
relevant trajectory.

Figure 3 illustrates how the effective free-energy surface
changes if the sticky particle composition is lowered to �s
=0.2. With increasing repulsive particle displacement, Feff�r�
now decays quickly from its peak value of 7 �pure sticky
particle displacement� as the steric blocking of attractive par-
ticles is greatly reduced. A relatively flat plateau exists at an
intermediate displacement ratio that indicates significant co-
operative motion is likely for entropic reasons. The lowest
barrier of 0.55 occurs for a pure repulsive particle displace-
ment.

The rather large consequences of modestly reducing the
attraction strength by 0.25kBT is shown in Fig. 4 for �s
=0.5. The maximum barrier is roughly halved ��5� com-
pared to its analog in Fig. 2 for a pure attractive particle

displacement. The barrier is lowest, FB�1.2, for a pure re-
pulsive particle displacement. Interestingly, this is slightly
higher than its analog for the 
ss=3, �s=0.5 mixture in Fig.
2. A local minimum of the barrier as a function of relative
displacement of height 4.3 emerges for roughly equal dis-
placements of repulsive and attractive particles. Unlike in
Fig. 2, the decrease in barrier height is much more gradual as
the displacement ratio �rs /�rg decreases.

C. Barrier heights and locations

The nonequilibrium free-energy surfaces discussed above
suggest that a pure attractive �repulsive� particle displace-
ment encounters the highest �lowest� barrier. A pure repul-
sive particle displacement models an effective porous me-
dium since the attractive particles remain localized over
experimentally relevant time scales. We previously showed
�15� the barriers for pure repulsive and attractive displace-
ments follow an apparent power law function of total volume
fraction as measured from its ideal NMCT value, �T−�c:
FB���T−�c�y where y�1.7 �1.45� for pure attractive �re-
pulsive� particle displacement.

Figure 5 presents calculations of the barrier height as a
function of the relative displacement ratio for three mixture
compositions at fixed 
ss=3 and total packing fraction. The
barrier height generally grows with increasing attractive par-
ticle displacement. However, for �s=0.8, the barrier is a
nonmonotonic function with a maximum of 10.8 occurring at
�rs /�rg=0.12. As expected, FB monotonically grows with
sticky particle composition in the pure repulsive particle dis-
placement limit. In the pure attractive particle displacement
limit, however, the barrier height is a nonmonotonic function
of composition. This presumably reflects competing factors
at high attractive particle compositions: fewer immobile re-
pulsive particles and enhanced clustering of sticky spheres,
which can open up more free volume. For all compositions,

FIG. 3. �Color online� Effective free energy surface as a func-
tion of repulsive and attractive particle displacement for a total
volume fraction of 0.45, attractive particle composition of 20%, and
attraction strength of 3kBT. The circle denotes the �transient� local-
ized state, and the arrow denotes the �rs /�rg=1 cooperative
trajectory.

FIG. 4. �Color online� Effective free energy surface as a func-
tion of repulsive and attractive particle displacements for total vol-
ume fraction of 0.45, composition of 50%, and attraction strength of
2.75kBT. The circle denotes the �transient� localized state, and the
arrow indicates the �rs /�rg=1 cooperative trajectory.
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FB grows roughly logarithmically with �rs /�rg for primarily
repulsive particle displacement motions corresponding to
�rs /�rg=0.01–0.1. For primarily attractive particle displace-
ments of �rs /�rg�1–10, there is a strong �s dependence of
the barrier height in response to changing displacement ratio.

An example of the effect of sticky particle attraction
strength on the barrier for single species displacements is
shown in Fig. 6 for �s=0.5 and �T=0.45. Here, the attractive
particles form an ideal glass or gel for any magnitude of
attraction. Note there is an order of magnitude increase of the
barrier for a sticky particle displacement from FB�2 to 27
as 
ss increases only from 2.5 to 3.5. In contrast, for a pure
repulsive particle displacement the barrier decreases from 1.4
to 0.7 as 
ss increases. The reason is that the attractive par-
ticles are more localized at higher 
ss, which opens up addi-
tional space for repulsive particle motion.

The results in Figs. 2–6 hint at additional interesting and
complex variations of the barrier height and location rB as
the mixture composition is changed at fixed attraction

strength and volume fraction. Figure 7 shows nonmonotonic
behavior of FB for a pure attractive particle displacement
when �T=0.45 and 
ss=3. The minimum value of FB�5.6
occurs close to the composition where attractive particles
begin to form an ideal gel ��s=0.12�. Beyond this composi-
tion FB increases with growing �s since the sticky particles
form a stronger gel-like material. However, it is not as intui-
tive as to why the barrier for attractive particle motion in-
creases when �s decreases toward zero. The reason is that
repulsive particles are localized for the trajectory considered,
and they present more immobile steric obstacles for sticky
particle motion as their number increases. For mixtures that
can form gels, the interplay between increased attractive par-
ticle aggregation and repulsive particle blocking effects im-
peding sticky particle motion results in a local barrier maxi-
mum of �10 at the intermediate composition �s=0.5. At
even higher attractive particle compositions, the reduction of
localized repulsive particles lowers the barrier because the
sticky particles cluster more and further increasing their
number does not significantly modify the degree of localiza-
tion.

In general, we do not expect pure attractive particle dis-
placements will thermally occur on a similar time scale as
repulsive particle activated motion. A more likely scenario is
the repulsive particles escape their cages and “fluidize” long
before the attractive particles undergo activated motions. Re-
sults under this limiting condition �see Sec. II D� are also
shown in Fig. 7 as the dashed curve. Now the counterintui-
tive results discussed above for barrier heights associated
with sticky particle displacement at low values of �s no
longer occur. At higher values of �s where there are few
immobile repulsive particles, the barrier is only slightly

FIG. 5. Barrier heights �units of kBT� as a function of relative
particle displacement variable for a mixture with a total volume
fraction of 0.45, attractive particle compositions of 20%, 50%, and
80% �circles, triangles, and squares, respectively�, and an attraction
strength of 3kBT.

FIG. 6. Barrier heights for pure repulsive and pure attractive
displacements as a function of attraction strength for a mixture with
a total volume fraction of 0.45 and attractive particle composition
of 50%.

FIG. 7. Barrier heights for pure repulsive and pure attractive
displacements as a function of sticky particle composition. The
open circles are for pure attractive particle displacements, attraction
strength of 3kBT, and a total volume fraction of 0.45. The solid
curve with open circles are results for when the repulsive particles
are trapped at their localization lengths. For the dashed curve, the
repulsive particles are an equilibrated fluid. The solid symbols
�circles, upside-down triangles, squares� are for pure repulsive par-
ticle displacements with parameters as above except attraction mag-
nitudes �from top to bottom� are 3, 3.5, and 4. The solid diamonds
are a mixture with a total volume fraction of 0.5 and attraction
strength of 3.
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smaller than its pure attractive particle displacement analog
in the mixture.

The solid curves in Fig. 7 also show the barrier height for
pure repulsive particle displacements as a function of mix-
ture composition. The lower three curves �top to bottom� are
for 
ss=3, 3.5, and 4, respectively, and are qualitatively simi-
lar with FB monotonically increasing with sticky particle
composition. As suggested by Fig. 6, FB decreases with in-
creasing 
ss due to enhanced sticky particle localization and
aggregation, which opens up more free volume for repulsive
particles. The top solid curve is for a �T=0.5 system with

ss=3. A much steeper increase in FB occurs due to tighter
caging of the repulsive particles.

The location of the barriers for pure species displacements
are of interest since they define the “transition state.” Figure
8 shows results as a function composition for �T=0.45 and

ss=3. The most striking feature is the near mirror image
nature of the sticky and repulsive particle curves. The barrier
location is also a dramatic function of �s and can be greater
than the particle diameter for both species due to severe
steric blocking when the mobile particles become dilute. We
find �not shown� the repulsive particle barrier location corre-
lates with the location of the first minimum of the radial
distribution function, ggg�r�; small adjustments in ggg�r�
make large differences in the barrier locations. For example,
as the first minimum in ggg�r� shifts from 1.51 to 1.70 par-
ticle diameters the barrier location shifts from 0.4 to over
2D.

In addition to the pure attractive and repulsive particle
displacement trajectories, we find that a saddle-point trajec-
tory in the effective free energy exists at intermediate values
of �rs /�rg corresponding to cooperative motion of the two
species for many mixture compositions at modest attraction
strengths. Figure 9 shows barrier heights for such a coopera-
tive saddle point, and pure repulsive and attractive species
displacement, trajectories when �T=0.45 and 
ss=3. In ad-
dition, Table I in the Appendix presents a summary of barrier
heights and locations, localization lengths, and shear moduli.
For both low and high values of �s, a cooperative motion
trajectory exists. For all the mixtures studied, a maximum of
one cooperative motion trajectory has been found. For low

attractive species compositions, the repulsive particle is the
primary displacement; for example, at �s=0.2, �rs /�rg
=0.87, and FB=2.94. For intermediate values of �s, no
highly cooperative saddle points are found since their effec-
tive free-energy surfaces are monotonically decreasing with
increasing �rs /�rg. The cooperative saddle-point trajectories
reemerge at high �s but are nearly identical to the pure at-
tractive displacement analog with slightly smaller barriers.

The bottom of Table I shows results at other attraction
strengths. For 
ss=2.75, a saddle trajectory where both spe-
cies significantly displace does exist at �s=0.5 and 0.8, and
barriers are �5 or less. For these mixtures, motion of the
repulsive and attractive particles should be highly coopera-
tive. For 
ss=3.5 and �s=0.8, a cooperative displacement
trajectory also appears but has a barrier only 0.1kBT lower
than its pure attractive displacement analog of 21.6. Since
the barrier for a pure repulsive displacement is only 1.5, the
effective free-energy surface is highly asymmetrical, and one
expects repulsive particle displacements dominate the initial
relaxation process.

D. Localization length and shear modulus

The results in Table I in the Appendix demonstrate that
for the 
ss=3 systems there is a significant decrease in attrac-
tive particle localization length once the ideal MCT gelation
threshold is first reached. All mixtures beyond �s=0.1 have a
much smaller localization length that varies nonmonotoni-
cally, and there is a corresponding jump in the elastic shear
modulus, G�. As the attractive particle composition in-
creases, there are fewer repulsive particles to sterically push
sticky spheres close together. The shear modulus increases
rapidly once a gel forms, is dominated by the contribution of
attractive particles, and monotonically increases with �s, but
tends to saturate at high attractive particle compositions. For
example, G��17kBT /D3 for a pure repulsive mixture, grows
to �5000kBT /D3 at �s=0.2, and peaks at 74 600kBT /D3 for
a pure attractive particle gel.

FIG. 8. Barrier locations for pure repulsive and pure attractive
displacements as a function of mixture composition with a total
volume fraction of 0.45 and attraction strength of 3kBT.

FIG. 9. Barrier heights for pure repulsive �inverted triangles�,
pure attractive �circles�, and �if present� cooperative �squares� dis-
placement saddle point trajectories as a function of mixture compo-
sition with a total volume fraction of 0.45 and attraction strength of
3kBT.
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IV. BARRIER HOPPING TIME SCALES
AND COOPERATIVE DYNAMICS

We now apply Eq. �14� to compute the mean barrier hop-
ping time for all saddle paths on the two-dimensional sur-
face. For one-component systems this time scale has been
demonstrated to be closely related to the alpha relaxation
time in the glassy regime �9,12�.

Figure 10 shows the mean first passage time associated
with pure repulsive, pure attractive, and cooperative �when it
exists� saddle-point trajectories for the �T=0.45 and 
ss=3
mixture. Table II in the Appendix collects the factors that
enter the rate calculation and presents results for two addi-
tional attraction magnitudes of 
ss=2.75 and 3.5. When 
ss
=3, the barrier hopping times for pure species displacements
qualitatively follow the FB trends in Fig. 9, i.e., � /�0 grows
roughly exponentially with barrier height. However, for the
collective motion the hopping times are clearly not solely
controlled by the barrier height. At low �s, the cooperative
motion hopping time is shorter than that of a pure repulsive
particle displacement, even though the corresponding barrier
is larger. Furthermore, these hopping times deviate signifi-
cantly from the pure attractive displacement analog even
when their corresponding barrier heights are similar. This is
particularly noteworthy at intermediate values of �s as now
the cooperative motion trajectory has a mean first passage
time within an order of magnitude of a pure repulsive dis-
placement trajectory despite its much higher barrier. Clearly,
this cooperative motion is an alternate path to mixture relax-
ation.

The relevance of the cooperative relaxation channel can
be physically and mathematically understood by examining
the “prefactor” column in Table II of the Appendix. At inter-
mediate values of �s, FB for the cooperative trajectory is
roughly 8kBT larger than its pure glassy displacement analog.
If all preexponential terms in Eq. �14� were constant, this
would increase the hopping time by a factor of 3000 and a
pure glassy displacement would be the dominant relaxation
channel. However, when the preexponential factor is consid-
ered for �s=0.5, we find � /�0�1 for the cooperative motion

trajectory ��rs /�rg=1.38�, which is essentially identical to its
pure repulsive particle trajectory analog. Hence, the coopera-
tive motion is a competitive relaxation channel due to the
existence of many more paths in the vicinity of the barrier.
The detailed mathematical reason is that at the saddle point
the local curvatures for both pure attractive and repulsive
displacement are relatively small, which significantly re-
duces �det KB� in Eq. �14�. For the pure repulsive displace-
ment trajectory, the curvature for an attractive particle dis-
placement at the saddle point is very large and similar to the
curvature at the localization length. Hence, saddle points that
have roughly equal repulsive and attractive particle displace-
ments are characterized by many more pathways for crossing
the barrier. This aspect is clearly shown by the curve indi-
cated by the arrow in Fig. 2, in contrast to the narrow path
the pure repulsive particle displacement trajectory must fol-
low. Table II also shows the attractive particle contact values
are typically an order of magnitude higher than their repul-
sive analogs for most mixture compositions. This results in a
relative reduction of the hopping time in Eq. �14� due to
short-time frictional effects.

The results in Table II also demonstrate that if the attrac-
tion strength is lowered to 2.75, barriers for all saddle-point
trajectories of the �s=0.8 mixture are roughly equal. More-
over, the prefactor for a pure repulsive displacement is about
ten times larger than any other displacement ratio path,
which results in this trajectory having the largest hopping
time. Conversely, if 
ss is raised to 3.5, the barriers drasti-
cally increase and prefactor effects are negligible; the pure
repulsive displacement trajectory dominates the other relax-
ation channels. Additional calculations �not shown� demon-
strate that further increase of the sticky particle attraction
strength completely quenches the competitiveness of alterna-
tive pathways.

Finally, we consider the hopping time trends for pure spe-
cies displacement trajectories in Fig. 11 as a function of mix-
ture composition for the same systems in Fig. 7. For 
ss=3
and �T=0.45, the repulsive particle displacement hopping
time is not much larger than the Brownian time �0 for most
mixture compositions. However, for high �s the mean hop-
ping time increases very rapidly due to the presence of a

FIG. 10. Mean first passage times for pure repulsive �inverted
triangles�, pure attractive �circles�, and cooperative motion
�squares; if applicable� saddle point trajectories as a function of
mixture composition with a total volume fraction of 0.45 and at-
traction strength of 3kBT.

FIG. 11. Mean first passage times for pure repulsive and attrac-
tive displacements as a function of mixture composition; the same
labeling scheme as in Fig. 7 applies.
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dense matrix of tightly localized sticky particles. A similar
trend appears for the 
ss=4 mixture, but the time scale is
lower relative to the 
ss=3 system since the attractive par-
ticles form tighter clusters, resulting in more free volume for
repulsive particle motion. The composition dependence of
the hopping time is supraexponential: � /�0�exp�a�s

b�, where
�a ,b�= �1.06FB��s=1� ,5.8� and �1.24FB��s=1� ,7.0� for the

ss=3 and 4 systems, respectively. Note also for the 
ss=3
mixture at �T=0.45, there is a small decrease in the hopping
time at �s=0.1 compared to the 
ss=3.5 and 4 mixtures. This
is because the attractive particles have not yet undergone an
ideal gelation transition and hence they block the repulsive
particles far less efficiently.

Comparing Fig. 11 to Fig. 7, major similarities exist be-
tween the barrier heights and mean first passage times for
single species trajectories. To a first approximation all the
trends are identical. Hence, prefactors enter in a minor man-
ner, and the barrier height qualitatively controls the mean
first passage times for pure repulsive displacements. Note
that for the pure attractive particle displacements in the 
ss
=3 system of Fig. 11 �open circles, solid curve� there is
drastically nonmonotonic behavior of the hopping time,
which qualitatively follows similar trends as the barrier
height trends in Fig. 7. The largest barrier hopping times
exist when �s→0 since the localized repulsive particles
block attractive particle motion. Near the ideal gel transition,
a local minimum of the mean passage time exists. Beyond
this point, an increase in composition increases the hopping
time because sticky particles become localized. Mean first
passage times peak at �s�0.5 and mildly decrease with in-
creasing �s as now clustering of attractive spheres saturates
and there are fewer blocking repulsive particles.

As discussed above, repulsive particle localization on the
time scale of attractive particle hopping motion is unlikely to
occur in real mixtures. This motivates the presentation of
“effective one-component” results in Fig. 11. The nonmono-
ticity of the barrier hopping times for attractive particle dis-
placements at low �s then disappears. For higher values of
�s, the hopping time follows the analogous result well when
the repulsive particles remain localized. Therefore, when the
repulsive spheres become dilute they contribute little to in-
creasing the hopping time even if they are localized.

V. DISCUSSION AND SUMMARY

We have applied our theory �15� of coupled activated dy-
namics in biphasic mixtures to study how the effective free-
energy surface, barriers, saddle-point trajectories, and mean
first passage times depend on mixture composition, �high�
total volume fraction, and strength of sticky particle attrac-
tion. Usually, but not always, the barrier for activated motion
increases with the ratio of sticky to repulsive particle dis-
placement �direction on the two-dimensional landscape�
�rs /�rg. However, at intermediate values of �rs /�rg, the bar-
rier often attains a broad plateau value and can even undergo
a maximum at high sticky particle composition if the
strength of attraction is modest.

In general there are three types of saddle-point trajectories
or relaxation pathways: a pure sticky or pure repulsive par-

ticle displacement keeping the other species localized, and a
cooperative motion involving a specific mix of repulsive and
attractive particle displacements. For a purely repulsive par-
ticle trajectory, the barrier that must be surmounted grows
monotonically with attractive particle composition but de-
creases monotonically with the strength of sticky particle
attraction. The latter trend reflects the enhanced clustering of
attractive particles as they become more sticky, which opens
up extra free volume for repulsive particle motion. On the
other hand, pure attractive particle trajectories encounter a
barrier that monotonically increases with attraction strength
since the physical bonds formed become stronger. The mean
first passage times generally reflect the trends in barrier
height, especially as the attraction strengths increase. How-
ever, there are dramatic exceptions associated with coopera-
tive repulsive and attractive particle trajectories, which may
have relatively large barriers but can still be competitive re-
laxation channels due to the greatly enhanced number of
such trajectories near the saddle point.

Our focus has been on high total volume fraction biphasic
mixtures. How our conclusions change if the total volume
fraction is relatively low has not been studied. However, at
significantly lower �T, strong coupling of spinodal demixing,
kinetic arrest, and activated hopping dynamics may occur,
and a “glass” in the traditional sense of excluded volume
force dominated caging may no longer be realized.

To test our theoretical results computer simulations of
model biphasic mixtures are necessary. Experimental studies
of biphasic mixtures will also be informative. However, the
further development and application of our theory via sto-
chastic simulation of the two coupled nonlinear Langevin
equations �12� is required in order to be able to compute time
dependent properties that can be probed experimentally via
confocal microscopy and/or dynamic scattering. Quantities
and questions of interest include the mean square displace-
ments, non-Gaussian parameters, the van Hove function, and
length-scale-dependent decoupling of diffusion and relax-
ation. The mixture model has been generalized to address
diffusion in the tracer limit �33�. Finally, the theory is appli-
cable to mixtures composed of spheres of different diam-
eters, whether sticky or purely repulsive, a problem recently
studied by simulation �34� that also appears to be related to
particle dynamics in a porous medium �32�.
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APPENDIX: CHARACTERISTIC LENGTHS,
DISPLACEMENT RATIOS, AND ENERGY SCALES

The numerical values of all important features of the ef-
fective free energy surface, the elastic shear modulus, and
mean first passage time of the systems studied in detail in
Secs. II and IV are summarized in Tables I and II.
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TABLE I. Numerical results for the displacement ratio of saddle
point trajectories, localization lengths, barrier locations, elastic
shear modulus �units of kBT /D3�, and barrier height for several
mixtures compositions and sticky particle attraction strengths for a
total volume fraction of 0.45.

�s �rs /�rg 
ss rL,g rB,g rL,s rB,s G� FB

0.0 0 3.00 0.242 0.242 17.4 0.18

0.1 � 3.00 0.116 0.116 0.094 1.263 18.7 6.47

0.1 0.3640 3.00 0.116 0.224 0.094 0.133 18.7 0.13

0.1 0 3.00 0.116 0.271 0.094 0.094 18.7 0.29

0.2 � 3.00 0.113 0.113 0.003 0.825 4958 7.06

0.2 0.8693 3.00 0.113 0.236 0.003 0.110 4958 2.94

0.2 0 3.00 0.113 0.310 0.003 0.003 4958 0.55

0.3 � 3.00 0.002 0.573 8.66

0.3 0 3.00 0.116 0.343 0.71

0.4 � 3.00 0.002 0.466 9.70

0.4 0 3.00 0.117 0.378 0.88

0.5 � 3.00 0.121 0.121 0.002 0.398 40422 10.04

0.5 1.3764 3.00 0.121 0.275 0.002 0.214 40422 9.19

0.5 0 3.00 0.121 0.423 0.002 0.002 40422 1.06

0.6 � 3.00 0.127 0.127 0.002 0.355 51508 9.93

0.6 2.3559 3.00 0.127 0.229 0.002 0.242 51508 9.45

0.6 0 3.00 0.127 0.489 0.002 0.002 51508 1.30

0.7 � 3.00 0.133 0.133 0.002 0.304 60473 9.51

0.7 3.4874 3.00 0.133 0.197 0.002 0.224 60473 9.25

0.7 0 3.00 0.133 0.591 0.002 0.002 60473 1.69

0.8 � 3.00 0.141 0.141 0.002 0.238 67204 8.92

0.8 7.1154 3.00 0.141 0.167 0.002 0.191 8.80

0.8 0 3.00 0.141 0.804 0.002 0.002 2.40

0.9 � 3.00 0.151 0.151 0.002 0.160 71901 8.30

0.9 6.3138 3.00 0.151 0.172 0.002 0.136 8.27

0.9 0 3.00 0.151 1.225 0.002 0.002 4.12

1.0 � 3.00 0.002 0.111 74618 7.73

0.5 � 2.75 0.116 0.116 0.003 0.409 13800 5.18

0.5 1.7321 2.75 0.116 0.248 0.003 0.232 4.29

0.5 0 2.75 0.116 0.432 0.003 0.003 1.22

0.8 � 2.75 0.131 0.131 0.003 0.245 27506 4.77

0.8 5.6713 2.75 0.131 0.160 0.003 0.167 4.64

0.8 0 2.75 0.131 0.830 0.003 0.003 2.86

1.0 � 2.75 0.003 0.090 32860 4.27

0.8 � 3.50 0.165 0.165 0.001 0.240 190913 21.74

0.8 5.6713 3.50 0.165 0.202 0.001 0.210 21.61

0.8 0 3.50 0.165 0.738 0.001 0.738 1.54

TABLE II. Factors that enter the multidimensional Kramers
theory expression for the mean first passage time of cooperative and
pure species displacement trajectories for biphasic mixtures of total
volume fraction 0.45. Results are shown for the prefactor in Eq.
�14�, barrier height, sticky to repulsive particle ratio of the short-
time friction constant �Gs /Gg�, ratio of contact values �gss /ggg�, and
the mean first passage time.

�s �rs /�rg 
ss Prefactor FB Gs /Gg gss /ggg � /�0

0.0 0 3.00 0.024 0.18 1.00 2.17 0.18

0.1 � 3.00 0.367 6.47 2.68 18.24 1484.41

0.1 0.3640 3.00 0.010 0.13 0.07

0.1 0 3.00 0.024 0.29 0.20

0.2 � 3.00 0.016 7.06 4.12 16.56 117.32

0.2 0.8693 3.00 0.0005 2.94 0.06

0.2 0 3.00 0.046 0.55 0.51

0.3 � 3.00 0.007 8.66 5.38 15.07 269.42

0.3 0 3.00 0.047 0.71 0.60

0.4 � 3.00 0.006 9.70 6.52 13.77 630.39

0.4 0 3.00 0.050 0.88 0.76

0.5 � 3.00 0.006 10.04 7.60 12.62 810.73

0.5 1.3764 3.00 0.00002 9.19 0.99

0.5 0 3.00 0.054 1.06 0.98

0.6 � 3.00 0.006 9.93 8.63 11.62 777.18

0.6 2.3559 3.00 0.0002 9.45 13.39

0.6 0 3.00 0.061 1.04 1.41

0.7 � 3.00 0.007 9.51 9.67 10.75 569.32

0.7 3.4874 3.00 0.003 9.25 173.81

0.7 0 3.00 0.075 1.69 2.54

0.8 � 3.00 0.008 8.92 10.72 9.98 375.18

0.8 7.1154 3.00 0.006 8.80 271.64

0.8 0 3.00 0.110 2.40 7.64

0.9 � 3.00 0.009 8.30 11.83 9.30 219.21

0.9 6.3138 3.00 0.006 8.27 135.20

0.9 0 3.00 0.139 4.12 53.91

1.0 � 3.00 0.005 7.73 13.01 8.69 73.64

0.5 � 2.75 0.009 5.18 6.25 10.41 10.17

0.5 1.7321 2.75 0.0002 4.29 0.10

0.5 0 2.75 0.052 1.22 1.12

0.8 � 2.75 0.011 4.77 8.82 8.46 8.60

0.8 5.6713 2.75 0.013 4.64 8.53

0.8 0 2.75 0.107 2.86 11.69

1.0 � 2.75 0.006 4.27 10.69 7.47 2.74

0.8 � 3.50 0.004 21.74 15.73 13.66 73514770

0.8 5.6713 3.50 0.003 21.61 38949470

0.8 0 3.50 0.116 1.54 3.42
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